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ABSTRACT

In this paper, we introduce and investigate two new
subclasses of the function class £ of A-g-bi-spirallike

functions defined in the open unit disc. Furthermore, We
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1. INTRODUCTION

Let A denote the class of functions of the form

f@) =z+X5-; az", (1)
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which are analytic in the open disc E = {z: z € C and |z| < 1}. Let S denote the subclass
of function in A which are univalent in E and indeed normalized by f(0) = f'(0) — 1 =
0. It is well known that every function f € S has an inverse f~! defined by
@)=z (z€E),
and
F(F @) = o, (lo] < 1), 70(f) =3)-
A function f € A is said to bi-univalent function in E if £ and f~! are together univalent
functions in E. Let X denote the class of bi-univalent functions defined in E. The inverse
function f~1(w) is given by
gw) =fHw) =w-—aw?+ (2a% — a3)w® — (5a35 — 5a,a3 + a)w*+....
A function ¢ is subordinate to a function ¢, written as follows: ¢(z) < ¢(z),(z € E), if
there exists w(z) analytic function in E such that w(0) =0 ,and ¢(2) = ¢(w(2)),
(lw(2)|<1,z€E.
Let Sy(a) and Xs(a) denote the classes Ma-Minda bi-starlike and bi-convex in E
respectively. In the sequel, it is assumed that ¢ is an analytic function with positive real
part in E such that ¢(0) = 1,¢'(0) > 0 and ¢(F) is symmetric with respect to the real
axis. Such a function has a series expansion of the following from:
d(2) =1+ c1z+ 2% + c323+...,(c; > 0, z € E).
We recall here a general Hurwite-Lerch Zeta function y(z, s, a) defined in [7] by is given

by
Zn
(n+a)s

l/J(Z,S,a)= $=0
Now we recall the definition of generalized Hurwitz-Lerch zeta function and a linear

operator due to Ibrahim and Darus [10] as below:

Y (z,s,a+nv)
¥ (2,5,0)

itis clear that ®,(z, s,a) = 1. Further considering the function

0,(z,s,a) = ,n€ N U {0}

0 Hn—
2Y,(z,5,a) =z + X5, (n_f) 0O,_1(z,5,a)z".

Ibrahim and Darus [10] defined the linear operator
(Y, (z,s,0))7 % f(2) = I{(z,5,a): A — A and is given by

R(z5,a)f(2) = £,f(2) = 2+ Trzy Ynanz",
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Where®, = —22=L 1, e C\{0,~1,-2,...},a € C\{—(m + vn)},v €

/,tn_1®n_1(z,s,a)
C\{0},nme NU{0},|s] <1,|z] <1, and O®,(z,s,a) is defined in (3) and evidently we

have

81

B u101(z,s,a) and\{l3 - (4)

¥ .
2 U202(z,s,a)

In this paper we introduce two new subclasses of bi-univalent function class £ by making

use of the operator gz f(z) and obtain estimates of the coefficients |a,| and |a3]| . Further
Fekete-Szego inequalities for the function class are determined. We now have the
following definitions:

Definition 1.1. The function f(z), given by (1), is said to be a member of /I-SPf the class
of strongly A-bi-spirallike functions of order g, (JA| < /2,0 < B < 1), if each of the

following conditions are satisfied:

fEZand|arg (em%)l < B/2,(z€E) (5)
and
|arg (e"’1 %N < B/2,(w € E). (6)

In [11], Jackson introduced and studied the concept of the g-derivative operator 9, as

follows :

0,f () =L, (2% 00<q <1, 8,/(0) = f(0)). W

Equivalently(7), may be written as
0,f(2) =1+ %5, [n]ya,z"% z#0, 8)

where [n], = ﬂ, note thatasq —» 17, [n], = n.

1—q q
Definition 1.2.Let 2(z) = 1 + }5—; B,z" be an univalent function in E such that 2(0) =

1, R(h(2)) > 0. The function f € X given by (1) is said to be in the class M‘E'a B, AR q),

if it satisfies the following conditions:
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il 204(4f (2))

ey < h(z)cosA + isind 9)
and

. z0

” q((zﬁg(w)) < h(w)cosA + isinA, (10)

(1-B)w+145 9 (w)
where 1 € (—m/2,m/2),0 < B < 1, the function g is given by (2) and z,w € E.

Definition 1.3. Let

1-—z
h(z) = : 11
(@) = e m etz e (11)

be an univalent function in E such that 2(0) = 1, R(4(z)) > 0. The function f € X given
by (1) is said to be in the class ?CZ“"S (B, A, h, q), if it satisfies the following conditions:

pit 200 uf @) +2204 (Fuf ()

=) tF0g B ) h(z)cosA + isinA (12)

and

il wdq (790N +020%( 1) 9(@))

(—fra+ho 03 (L g (@) < h(w)cosA + isinA, (13)

where A € (—m/2,m/2),0 < B < 1, the function g is given by (2) and z, w € E.

Remark 1.1.If the function A(z) = % the class 4% (4, B, h,q) = M (A, 8,4, B, q)

and satisfies the following conditions:

20
7 200Ut @) < 222 0051 + isind (14)
(1-B)z+B45f(z) ~ 1+Bz

and

o @02 g(w)) 1+Aw .
a6 A s@ <T5o cosA + isin, (15)

where A € (—/2,7/2),0 < <1,—1 < B < A < 1, the function g is given by (2) and

z,w €EE.
Remark 1.2.1f the function 4(z) = % the class e/%“x"S (A, B,hq) = M‘E'a X B,a,q)

and satisfies the following conditions:

. a
R (e“1 M) > acosi (16)
A-R)z+B L f (2)

and
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R ( i wd ; (459 ())
A-B) w79 ()

where 4 € (—7/2,7/2)0< F <1,-1< & <1, the function g is given by (2) and

) > @CO0SA,

Z,wE £

If i taken h(z)_ _1+(1 22)z

or h(z)= , we state analogous subclasses of

1+27
K% (4,/4,h, ) as in above remark 1.1, and 1.2, of respectively.

We need this the following lemma:

Lemma 1.1. [18]Let #(z) givenby g(2) =35 _1 £,2",(z € £) be convex in £.
Suppose that 4(z) = X541 h,z”,is holomorphicin £. If h(z) < #(2),(z € £) then
Ih(2)| < |81), (2 € W)

Lemma 1.2. [17]If » € Pthen |p .| < 2, (£ € /) where Ais the family of all functions p
analytic in £ which R(z (2)) > 0,(z € £)where p(z) =1+ p1z + prz% +

p3z3+...,z €L,

2 MAIN RESULTS

Theorem 2.1. Let / € 4given by (1) in the class % (4, £, h, ¢), then

| £1|cos A
\2s] < J 2 -
- qﬁ’)‘PZ"‘( 31, )Yy

| #1|cosA | #1|cosA 2
|23l < 55 o, (([Z]q—ﬁ’)‘l’z) ’

where 1 € (=7 /2,7/2),0 < £ < 1, and ¥,, ¥; are given by (4).

Proof. From (9) and (10) that

a 29,45/ (2)
A-B) 24595/ (2)

= P(z)cosd + /sind (z € £),

a _@Jyg(@) _
A-Bw+£ 959 (@)

where p (z) < h(2),(z € £) and ¢ (w) < h(w), (w € £), are have the following forms:

g (w)cosd + 7sind (w € £),

p(2)=14c1z+c,z%+c32%+...,z € £,
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g(@) =1+ g1(w) + g(w)?+ g3(w)*+...,w E £.

Now,
g z+[2,Y2a22%+4[3], Y3237 +.. ..
e Z+;\P2a222+ﬁ\;3g323+_" = P(z)cosd + 7 sind (z € £), (22)
and
a4 w2, Y207 +[3], Y3a30°+... _ .
e et g (w)cosd + 7sind (w € £), (23)
from (20) and (21), it follows that
“([2], — A)¥2a, = ¢ 1084, (24)
e {(5* —[2],8)Vsa% + ([3], — £)¥sas} = c,c084, (25)
“([2, = A)¥2a, = 710084, (26)
and
e {(F* - [21,/)¥3a5 + (3], — £)(2a5 — a3)¥3} = ¢,c054. (27)
From (24) and (26), we find that
C1= =41 (28)
and
207 ([2), — £)*¥3a5 = (¢1+ gDcos’A, (29)
then
2 (ct+goostie 24
4 T 2, (30)
Adding (25) and (27), we have
2 (52+q2)cosie_‘2
= _ 31
22 = 121, BB, A Y 31
V4
By applying Lemma 1.1 and 1.2, for the coefficients ¢, and ¢,, we have |c | = C—AEO) <
|21, (£ € V), |q 4| =L (0) < |#1|, (£ € /) and using these in (31), we get
|£Z |2 < Z(ﬁz_[(2|]czl|;)-‘|;lzzi)cosj_ < — |El|czosj - . (32)
7PVt (Bl —AY2  2(6°-12],/)V2+([8l, —A)Y>
Now
| #1|cosA
33
|22 < \/ G121, B, (33)

From (25) and (27), we get
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2 _ (co—gp)cosde™
a a
8T 2T o, -

Substituting value of «3 from (30) and (34), we get

(cp—gp)cosde 4 (c2+g3)c0s21 024
2([3],—-A)¥3 2([2],~4)?¥5

Also applying Lemma 1.1 and 1.2, for the coefficients ¢, and ¢ ,, we have

asz =

| #1|cosA ( | #1|cosA )2
(

<
23l < 55 0w T @, —m

As ¢ — 17 in the above Theorem we get the following result proved by Janani [12].

Corollary 2.1.Let / € «4given by (1) in the class 4% (1, £, h), then

|d |<\/ | #1|cosA
21 =\ p7—26)¥3+GB-p),

2
£q|cosA £1|cosA
|Z1] | ( |Z1] )

<
23l < G ow T lepw,

1+4z

Asg -1 and h(z) = ( 1< /< A4 <1), we get the following result proved by
Janani [12].

Corollary 2.2.Let / € Agiven by (1) in the class 4 (1, £, 4, ), ¢ hen

|a |<\/ (4—2F)cosA,
21 =\ p—26)¥3+G-p),

(A-B)cosd . ((A—B)cosd\2
aq| < ’
|23] (3-£)¥3 ( 2—5)¥; )

where /4 € (-7 /2,7/2),0 < £ < 1and¥,, V5 are given by (4).

l+(l 252')2

Asg -1 andh(z) = , we get the following result proved by Janani [12].

Corollary 2.3. Let / € 4given by (1) in the class 4 (1,8, @, ¢), then

2(1—a)cosd
= -
(B2-121,)¥5+(8,—-A)¥2

2] < < 2(-a)cosd (2(1—a)cosj)2
3= @,-mvs | \(q2,-A¥)

where 4 € (-7 /2,7/2),0< £ <1, and ¥,, ¥ are given by (4)
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Theorem 2.2.Let / € 4given by (1) in the class #%° (1, £, h, ¢), then

| #1]cos24
a, < , 43
|22] j {[212 (#2121, 5)¥3+(314 (([2], +1) =) ¥} (43)
| #1|cosA | #1|cosA 2
<
LEIE 81, (121, +D)=-A)¥3 ([Z]q([Z]q—ﬁ)‘Pz) ’ (44)
where 4 € (-7 /2,7/2),0 < f < 1,and ¥,, V5 are given by (4).
Proof. From (20) and (21), we get
a4 z+21,Ya22+4[3],Ysa373+..4[2],¥2a22%+[2] . [3] , Y3232 3 +.. _ .
¢ Z+[2],]‘}’2a2ﬁ22+[3]q‘{’3a3ﬁ23+... - ﬁ(Z)COSﬂ +/sind.
(45)
Then
[2],¢” (2—p)¥ra, = €084, (46)
e {[212(8% - [21,£)¥325 + [3],(([2], + 1) — £)¥3a3} = 20084, (47)
—[2],¢% 2— p)¥ra, = ¢1C054 (48)
and
{[212(8% - [2),£)¥3a3 + [3],(([2], + 1) — £)(2a5 — a3)¥s} = 7,C054. (49)
From (46) and (48), we get
1= 91 (50)
2[212e%4 (2 - p)Wia, = (] + g%)cos?a (51)
2 _ (c}+g32)c0s2a e 24
2T TN e s (2)
Adding (47) and (49), we get
d% — — (f2+q2)zcoszje_[’l : (53)
2{[212 (5%—(21,5)¥3+(3], (121, +1)—4) ¥2}
applying Lemma 1.1 and 1.2, for the coefficients ¢, and ¢,, we have
2
|a |2 S > - (|€2|+lq2|)cos A : (54)
2{[212 (57121, £)¥5+[3), (121, +D)-5) W2}
Now
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|2,| < | £1|cos2d e ~4
2= 22 (2 121,0)95+131, (21, +D—A) )

From (47) and (49)
(co—gp)cos2ie 4

31, (([2],+D-£)¥5’

03—ﬂ§=

Substituting value of 23 from (52) and (56), we get

_ (c2—gcostie ™4 (c2+g432)c0s2.1 0 ~24
37 81, ((121,+D-A)¥s 2212 (2—4)2¥5

Also applying Lemma 1.1 and 1.2, for the coefficients ¢, and ¢ ,, we have

| #1|cosA ( | £1|cos4 )2
(2]

<
|3] < (31, (([21,+D)—-A) Y3 7=,

As ¢ — 17 in the above Theorem we get the following result proved by Janani [12].

Corollary 2.4.Let / € 4given by (1) in the class ]fj’”(/i,,é’, h), ¢ hen

| Z1|cos4
<
lz,| < \/4(,5)2_2,5)\}’#3(3—/)‘{’3'

|21 |cosd |£1lcosd \2
|as| < >
3B-A)¥s | \22-4)2%

Theorem 2.3.Let / € Zgiven by (1) in the class 4% (1, £, @, ¢), ¢ hen

1
2084 B1|h(i) - 1h(7| > 35—
£1c0s4

2
|as =7 a3l < 1

o1 oy ! h < e o !
(31,~#)¥s3 71 < 3@, v
where
1-7
h = )
1) = 37, e, s
Proof. From (34), we have
_ 2, (ca—ga)cosie
73 = 42t T,
We compensate for the value of @ — 22 given by (33) in (34), we get
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eo+ () ~ 5a—r) 72

as—npas=e"“ cosd [(h(f/) + 2([3], — A)¥s

%)
2([8]; = A)¥s

where

1-7
h = :
7) 2(6%-(21, ) ¥5+2(381,—A)¥s

As g = 17 in the above Theorem we get the following result proved by Janani [12].

Corollary 2.5.
1
2

) cosA b’llh(V)l' Ih(7)| > 233’

a3 —nas| < 10081 h < !
G-A)¥s’ N < e

where
l_
h(7) = 7

2225 ¥5+2(3-)¥5

Theorem 2.4.Let the function / given by (1) in the class R@'”(i,ﬂ, a,q),then
20054 B1lhg ()], |h(7)] >

£1c0s4
™ el e h <
31, (3], ~4)¥3 1A (7))

1
231, ([81,~A)¥3’
|23 - 7 a3l < (=t
]

2[3]q (E] q_ﬁ)lp3 ’
where

1-y
h = :
7) 2[2]";(12—[2]4/?)‘P§+2[3]q([314—/2)‘1’3

As g = 17 in the above Theorem we get the following result proved by Janani [12].

Corollary 2.6.Let / € #given by (1) in the class Jf’}"”(ﬁ,j, @), ¢ hen

1
6(3—p)¥3’

2084 B1lhgs (7)1, |h(7)]| >

2
|a3 - 7”2| S E]_COS,K 1

3(3-1)¥3’ (7)1 < 6(3—1)¥3’
where
— 1-7
h(7) = 8(52-2)¥5+6(3—5)¥3
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